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Abstract

In the BUS (Bayesian Updating with Structural reliability methods) approach, the uncertain parameter space is augmented by a
uniform random variable and the Bayesian inference problem is interpreted as a structural reliability problem. A posterior sample
is given by an augmented vector sample within the failure domain of the structural reliability problem where the realization of
the uniform random variable is smaller than the likelihood function scaled by a constant c. The constant ¢ must be selected such
that 1/c is larger or equal than the maximum of the likelihood function, which, however, is typically unknown a-priori. For BUS
combined with sampling based reliability methods, choosing ¢ too small has a negative impact on the computational efficiency. To
overcome the problem of selecting ¢, we propose a post-processing step for BUS that returns an unbiased estimate for the evidence
and samples from the posterior distribution, even if 1/c is selected smaller than the maximum of the likelihood function. The
applicability of the proposed post-processing step is demonstrated by means of rejection sampling. However, it can be combined

with any structural reliability method applied within the BUS framework.
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1. Introduction

The Bayesian learning process is formalized in Bayes’ theo-
rem:

pOld) = g~ - L(8ld) - p(8) ey

The prior probabilistic model p(0) represents the current state
of knowledge about the vector of uncertain model parameters
0 € R¥. Information (data) d that becomes available in form
of measurements or observations is expressed in the likelihood
function L(0|d) = p(d|®). The posterior probabilistic model
p(0|d) describes the combined knowledge from the prior dis-
tribution and the likelihood function. Consequently, the poste-
rior uncertainty about © is reduced compared to its prior uncer-
tainty. The constant cg is a normalizing scalar that is called the
evidence (marginal likelihood); it measures the plausibility of
the assumed stochastic model class [1] and is defined as:

e = fe L(Old) - p(8) do ®)

The evidence cg is required for Bayesian model class selection
and model averaging [2, 3].

Except for some special cases, the posterior distribution usu-
ally cannot be derived analytically, and posterior samples have
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to be generated numerically. However, it is typically chal-
lenging to compute the evidence cg, because of the multi-
dimensional integral in Eq. (2). The BUS approach [4] trans-
forms the Bayesian inference problem to a structural reliability
problem. In structural reliability, probabilities of rare events
are estimated [5, 6, 7]. By interpreting the Bayesian updating
problem as a rare event estimation, existing structural reliabil-
ity methods can be used to perform the Bayesian analysis (see
e.g., [8]). An estimate for the evidence cg is obtained as a by-
product of BUS; in BUS, the evidence is directly related to the
rare event probability.

In BUS, prior to the analysis, a constant ¢ has to be selected:
On the one hand, ¢! should not be smaller than the maximum
value that the likelihood function can take; i.e., ¢™! > L. On
the other hand, selecting ¢~! conservatively large decreases the
efficiency of the method. Therefore, an appropriate choice of
¢! is crucial. However, in many cases the maximum of the
likelihood function is not known in advance.

We propose a post-processing step for BUS that returns an
unbiased estimate for the evidence and samples from the pos-
terior distribution, even if 1/c is selected smaller than the max-
imum of the likelihood function. Like the original BUS ap-
proach, the proposed extension of BUS can be combined with
any structural reliability method. The applicability of the pro-
posed post-processing step is demonstrated by means of the
standard Monte Carlo method, which corresponds to the rejec-
tion sampling approach when combined with BUS.

The structure of the paper is as follows: In Section 2 the BUS
approach is formally introduced and the role of the scaling con-
stant ¢ in BUS is discussed. In Section 3 the post-processing

DOI: 10.1016}j.probengmech.2018.03.004



step for BUS is proposed that can cope with ¢ - Ly < 1.
In Section 4 the proposed post-processing step is investigated
in combination with rejection sampling for different example
problems. Section 5 briefly summarizes the obtained findings.

2. Bayesian updating with structural reliability methods

2.1. The idea behind BUS

Straub and Papaioannou show in [4] that a Bayesian updat-
ing problem can be interpreted as a structural reliability prob-
lem. The principal idea behind BUS (Bayesian Updating with
Structural reliability methods) is to augment the space of ran-
dom variables spanned by © with an additional uniformly dis-
tributed random variable m with support [0, 1]. The updating
problem is then expressed as a structural reliability problem in
the so-obtained augmented random variable space [0, ]. The
“failure” domain Q of this reliability problem is defined as:

Q={r<c LO) 3)

where c is a positive constant chosen such that ¢ - L(0]|d) < 1 is
maintained for all 8. The domain Q is illustrated in Fig. 1. Note
that Q denotes both the failure domain and the corresponding
event. The link between the domain Q and the actual Bayesian
updating problem is: Samples from the prior distribution of
O that are in Q follow the posterior distribution [4]. In re-
liability analysis, the limit-state function is defined such that:
g(0,m1) < 0if [0,n] € Q; and g(0,7) > 0 if [0, 7] is outside of
Q (see Fig. 1). A limit-state function g(0, ) that describes the
“failure” domain Q defined in Eq. (3) is:

8(0,m) =m—c-L(Old) “

Optimally, the constant ¢ should be chosen as the recipro-
cal of the maximum of the likelihood function, denoted Ly,
[4]. However, Ly, is not always known in advance. In such
cases, it is difficult to select ¢ appropriately. The implications
of choosing c too large or too small are discussed in Section 2.5.

2.2. Estimating the evidence in BUS

An estimate for the evidence cg is obtained as a by-product
of BUS. Let pq be the probability that samples [0, 7] from the
prior distribution fall into Q, i.e.:

pa =Pr[Q] =Pr[g(6,7) < 0] (5)

Pa is the target quantity of interest in a reliability analysis and
called the probability of failure. In BUS, pq, is directly linked

to the evidence cg through the constant ¢ [4]:
ax=2 ©)

c

Note that some reliability methods allow evaluating uncer-
tainty bounds for the estimate of pq. In this case, the statisti-
cal uncertainty in the estimated evidence cg can be quantified
directly, as the evidence is directly proportional to po. Uncer-
tainty bounds for the estimated reliability can be evaluated with

1/c¢ > max. likelihood

2
\\

{

—prior p(0)
likelihood L(0|d)

\
uniform random variable 7/c

Figure 1: Tllustration of the principle of the rejection sampling algorithm — Al-
gorithm (1). The highlighted region is the domain Q defined in Eq. (3). The
limit-state function g(0, ) introduced in Eq. (4) is smaller or equal than zero
within Q (it is zero at the boundary of Q), and larger than zero outside of Q.
Samples “below” the likelihood (i.e., the samples contained in Q) are indepen-
dent samples from the posterior distribution. In this example, 43 out of 10*
samples are accepted.

most simulation methods. For Monte Carlo simulation this is
straight-forward to do. Moreover, approximate bounds can be
derived for any importance sampling method employing a nor-
mal approximation of the estimator (e.g. [9]). For Subset Sim-
ulation, some bounds were proposed in [10, 11].

2.3. Structural reliability methods in BUS

BUS employs structural reliability methods to perform
Bayesian updating. The most straight-forward application of
BUS is rejection sampling — which corresponds to crude Monte
Carlo simulation in the context of structural reliability. Rejec-
tion sampling within BUS is explained in detail in Section 2.4.
As was pointed out in [4], it is possible to use other struc-
tural reliability methods instead of the simple rejection sam-
pling algorithm (i.e., instead of a Monte Carlo simulation).
BUS is often combined with Subset Simulation (see for exam-
ple [4, 12, 13, 14, 15, 16]), because this method is efficient for
very small failure probabilities and its performance does not
depend on the dimension M of the vector of uncertain model
parameters 6. Apart from rejection sampling and Subset Simu-
lation, the BUS approach has been combined with the first order
reliability method (FORM) and line sampling in [8]. FORM
solves the reliability problem only approximately by lineariz-
ing the limit-state function at the most probable point of failure
[17, 18]. The line sampling method computes a correction fac-
tor for the linearized solution by performing a specified number
of line searches parallel to an important direction pointing to
the failure surface [19, 20, 21].

To generate realizations of the posterior, an additional post-
processing step is required: besides computing the probability
of failure, samples located in  have to be returned. In Monte
Carlo simulation and Subset Simulation, samples located in Q
are directly generated during the reliability analysis. Impor-
tance sampling based reliability methods require an additional



re-sampling step based on the importance weights associated
with the failed” samples to produce samples of equal weights.
In case of FORM, samples of the approximated failure” do-
main can be easily generated. Samples from the posterior dis-
tribution can be further used for posterior prediction of quan-
tities of interest. A special application is the use of BUS for
updating the probability of rare events based on observed sys-
tem response. In such case, as the target quantity of interest is
the posterior probability of failure, no posterior samples have to
be generated and the updating problem can be directly solved
by structural reliability methods [8, 22].

2.4. The rejection sampling algorithm

The most trivial application of BUS results in the rejection
sampling algorithm [4, 23] (see Algorithm (1) below). This al-
gorithm repeatedly proposes a sample [0, 7] from the prior dis-
tribution and accepts the sample if it is located in the “failure”
domain; i.e., if [é,ir] € Q. The accepted sample 0 is a sam-
ple from the posterior distribution. The algorithm is repeated
until K posterior samples are generated. The posterior samples
resulting from the rejection sampling algorithm are statistically
independent.

The quantity pq is the probability that a proposed sample is
accepted; pq is also referred to as the acceptance probability.
An unbiased estimate pg of pg is [24]:

pa=pa= 1l )
n—1
where n is the total number of prior samples that were proposed
to generate K posterior samples. Note that the estimator K/n
produces a biased estimate for po [24]. An unbiased estimate
of the variance of pq is [25]:

(1 - po) pa

n—2

The estimates given in Egs. (7) and (8) are frequentist es-
timates. To appropriately quantify the uncertainty about pq
based on the outcome of a particular run of rejection sampling,
we employ a Bayesian approach. The number n of prior sam-
ples needed to generate K posterior samples in the rejection
sampling algorithm follows a negative binomial distribution.
Thus, having observed a certain n for a given K, the likelihood
of pq is:

Var [po] ~ ®)

n

L(paln, K) = (K

-1
_ 1)<pg>’<<1 —pa)"" ©)

where (I'é:ll) denotes the binomial coefficient. The beta distri-
bution acts as conjugate prior for the Bayesian updating. If one
selects the prior distribution for pg based on the Principle of
Maximum Information Entropy [26, 27] with only normaliza-
tion as constraint, then the resulting prior distribution is the uni-
form distribution on [0, 1], which is a special case of the beta
distribution. In this case, the posterior is also a beta distribution
and can be expressed as:

paX (1 - po)y*

BIK+1,n—-K+1)

p(palK,n) = (10)

where B denotes the beta function. The most probable value of
pao aposteriori is K/n. The expectation of pq is:

K+1
n+2

an

The variance of the distribution in Eq. (10) can be derived as:

(K+1)-n—-K+1)
V: K,n] = 12
arlpalKonl = = e ) (12)
For increasing K and n, Eqs. (7) and (11), as well as Eqgs. (8)
and (12), approach the same values.

E[palK,n] =

Algorithm (1): rejection sampling
As input the algorithm requires:

— K, the total number of samples to draw from the posterior
distribution.

— ¢, selected such that ¢™' > L.

The algorithm evaluates the evidence cg and returns K un-
weighted and statistically independent posterior samples O,
withk=1,...,K.
1. Initialize counters k = 1 and n = 0.
2. while (k < K) do:
(a) Propose sample [0, 7]:
i. Draw © from the prior distribution p(0).
ii. Draw 7 from the uniform distribution that has
support [0, 1].
(b) if (g(8.7) < Ozlthen:
i. Increase the counter k = k+ 1. _
ii. Accept the proposed sample © as a posterior
sample, i.e.:
set G(k) =0.
(c) Increase the countern = n + 1.
3. Estimate pg by means of Eq. (7) or Eq. (10).
4. Evaluate the evidence cg = pg/c

On average, the algorithm requires K/pq samples from the
prior distribution to generate K samples from the posterior dis-
tribution. The principle of the rejection sampling algorithm
is illustrated in Fig. 1. Note that Algorithm (1) is similar to
a Monte Carlo simulation for solving the structural reliability
problem that has limit-state function g(0, ) and random vari-
ables [0, ]. The difference is that in a Monte Carlo simulation
typically the total number of samples 7 is fixed whereas in Al-
gorithm (1) the number K of samples to be generated in the
domain Q is specified.

The main advantage of rejection sampling is that it produces
independent samples from the posterior distribution. However,
if the posterior distribution does not match the prior distribution
well, pq becomes small, which renders the rejection sampling
algorithm inefficient. As a consequence, rejection sampling is
typically inefficient and usually more advanced reliability meth-
ods are employed — see Section 2.3. However, because rejection
sampling is straightforward and easy to understand, we use it
here to demonstrate the consequences of choosing the constant
¢ such that ¢! < L.



2.5. The constant c in BUS

An appropriate selection of the constant ¢ is crucial in BUS.
The constant ¢ in BUS is motivated by rejection sampling. For
the equivalent rejection sampling problem targeted in BUS, the
value of ¢! - ¢g~! is a scaling factor for the proposal distri-
bution p(0) that must be chosen such that the scaled proposal
distribution is an envelope function for the target distribution
[28]; ie., ¢! - cg! - p(8) > p(8]d) must be maintained for
all 8, which reduces to ¢! > Ly if p(0]d) is replaced with
Eq. (1). On the one hand, if a value of ¢~! that is larger than the
maximum L, of the likelihood function is selected, the effi-
ciency of the approach decreases; the acceptance probability po
of BUS decreases linearly with ¢, as seen from Eq. (6). On the
other hand, if a value of ¢! that is smaller than the maximum
Lmax of the likelihood function is selected, the scaled proposal
distribution does not envelope the target distribution for all ©
and, thus, BUS does not produce samples that follow the poste-
rior distribution. Instead, 1n such cases, BUS produces samples
that follow a distribution ptrunc that is proportional to the part of
the target distribution that is contained within the envelope of
the proposal distribution. The distribution sznc can be derived
as:

(©)
(c) (9|d) — Ltrunc

plrunc

(0ld)- p(0) _ c- L, .(Old) - p(©)
CE(C) - pg)

(13)

where ¢g©@ = p(c) /c and p(C) are the associated evidence and
acceptance probability that correspond to the selected ¢! <
Liax. L' (0]d) is defined as:

trunc

Li{),o(61d) = min (L(Old), ) (14)
Let w© be a correction factor such that

©) . CE(C) (15)

CE=W

One can expand the correction factor w':

(C) _
LE@ (16)
5 L(Old) p(6) d&
_Je
- 5 (17)
L9 (0]d)- p(®
_f L(6|d) trunc( I() P®) 1o (18)
L5,(0d) cg
L(0|d) ¢
_ f ———— P4, (6ld) dO (19)
Llrunc(e|d)

The quantity defined in Eq. (19) can be estimated from the sam-

ples {98} ,,,,, x generated with BUS and ¢! < Ly, which

follow distribution pErCL)mc( 0|d):

K (©)
1 L(© ;)ld)
©  — (k)
woE Z L(C) (G(C)|d) (20)
trunc (k)
1 ((;)
= };max(l,c-L(e(k)|d)) 1)

Using Eq. (15) and the estimate for w(© given in Eq. (20), one
can correct the evidence computed with ¢! < Lpax. Let po
be the probability of Eq. (5) for a choice of ¢ = 1/L,x. From
Eq. (16), it follows that

-1

¢ C
pa=pg W — 22)
max

where ¢g© = pg) Jcand cg = pq - Lmay is used (Eq. (6) does
not hold if ¢™! < Ly.). Note that ¢! < L,y implies that pg <

pg), as the relative size of the failure domain increases with

decreasing ¢~ according to Eq. (3) (¢! — 0 implies plY’ —
1). For ¢ > Ly, pa > p(Q implies pgo = p(C) ¢V Liax.-
Moreover, L(Gggld) > Efgm(eggm) clearly holds independent
of ¢, due to Eq. (14). Thus, the values that w(© can take are
bounded: 1 < w9 < ¢+ Lypax. For ¢! > Ly the correction
factor is w© = 1. For ¢! < L the correction factor must
be smaller than ¢ - Ly in order to maintain pg < pg) (see
Eq. (22)). Additionally, it is clear that ce'” underestimates the
actual evidence cg.

The relative error in the evidence associated with selecting

¢! too small (ie., ¢! < Ligy) is:
1 © © -1
O R R R B el C5)
w Cg Pa Linax
L9 (old :
- f wunc (O] )_L(Gld) p(0) 40 (24)
o L(O|d) CE
(c)
(Old)
=1—-E L 25
o | o) } (25)

For ¢! — 0, the error s approaches one and the gener-
ated samples follow the pnor distribution. For ¢™' = Ly, it
is s(' [Ena) = () and the samples follow the posterior distribution.

In the following, post-processing steps for BUS are pro-
posed, that allow ¢! in BUS to be chosen smaller than the max-
imum of the likelihood function. The proposed post-processing
steps are applicable to all reliability methods used within the
BUS framework. However, the performance of the proposed
approach still depends strongly on the selected c. For the par-
ticular combination of BUS with Subset Simulation, the authors
have recently proposed a different strategy [12], denoted aBUS,
to handle the constant ¢ in BUS. In aBUS, the constant ¢ does
not have to be specified initially and is learned adaptively dur-
ing the simulation. If Subset Simulation is used as reliability
method in BUS, we recommend to use the aBUS approach, as
preliminary comparative numerical studies of performance in-
dicated aBUS to be more efficient than the post-processing steps
proposed in the following.

3. Proposed post-processing steps for BUS

3.1. Evidence

As discussed in the previous section, BUS does not return
samples from the posterior distribution if the constant ¢! is



selected smaller than L,c. However, employing Eqgs. (16) and
(20), the evidence of the investigated problem can be estimated
even if ¢ is not selected properly. Note that Eq. (20) does not
require Lyx to be known.

3.2. Posterior samples

Since the aim is to obtain samples from the posterior distri-
bution, the distribution of the generated samples needs to be
corrected, as the samples produced by BUS with ¢™! < Ly
follow the distribution pﬁfjm(em) in Eq. (13). One viable strat-
egy is to consider the samples from distribution pﬁfgm(em) as
weighted samples from the posterior distribution. In this case,
one can directly work with the weighted posterior samples or
perform a re-sampling step based on the sample weights to
get unweighted samples that asymptotically follow the poste-
rior distribution. Alternatively, a Metropolis-Hastings [29, 30]
step can be added to Algorithm (1) to ensure that the generated
samples follow the posterior distribution asymptotically. We re-
fer to this algorithm as M-H rejection sampling — Algorithm (2);
it is based on an algorithm presented in [31].

In this contribution, we focus on generating unweighted pos-
terior samples. More specifically, K unweighted posterior sam-
ples are generated from K weighted posterior samples. Using
this approach, information is lost: samples with large weights
tend to be repeated and samples with small weights tend to be
discarded. If applicable, the following two strategies can be
more efficient instead: (i) Instead of generating unweighted
posterior samples, the weighted posterior samples obtained
with BUS and ¢! < L, are directly used. (ii) Based on
K weighted posterior samples, considerably more than K un-
weighted posterior samples are generated by means of a re-
sampling strategy.

3.3. M-H rejection sampling algorithm

The initial part of the proposed algorithm (Steps (1) and (2)
in Algorithm (2)), which produces samples from distribution
pgm(em), is equivalent to rejection sampling (Algorithm (1)).
These Steps (1) and (2) can in principle be replaced by any reli-
ability method. In case the applied reliability method produces
weighted samples from pf;‘jnc(em), the weights of Eq. (20) need
to be multiplied by the weights resulting from the reliability
analysis. In Step (3), the evidence is computed based on the
correction factor w(© derived in Section 2.5. If (i) either cg
or po are the quantities of interest, or (ii) weighted samples
from the posterior distribution are sufficient, the procedure can
be terminated at this point (i.e., after Step (3)). Assuming that
the applied reliability method resulted in unweighted samples
from pﬁfgnc(eld), the importance weight of the jth generated
sample is L(GE;; |d) /Lgnc(eﬁjyd). Since the aim is to generate
posterior samples with equal weights, the following two ad-
ditional steps are performed (alternatively, a re-sampling step
could be used): In Step (4), an initial seed is selected to ini-
tiate the Metropolis-Hastings algorithm. This seed is selected
through a re-sampling step such that it asymptotically follows
the posterior distribution. Finally, in Step (5), the distribution
of the samples is corrected by means of MCMC, employing

the Metropolis-Hastings algorithm proposed in [31]. As the set
of samples generated in steps (1) and (2) are used as candi-
date samples of the MCMC algorithm, the employed proposal
distribution is pgﬁnc(eld). Therefore, the Metropolis-Hastings

accept/reject-ratio of the kth candidate sample 0

*) 18:

(©)
p(Opld)  p (8¢-1d
(eGola)  Pirune (Oe-p1d) 26)

P @unld)  p (601a)
[ L(O0) L (0unla)
' L(e(k—1)|d> LE;.)IHC (emd)

7y = min [1

= min

) 27

where k € {2,...,K}. The candidate sample is accepted with
probability r; and rejected with probability 1 — r. It is a stan-
dard result that this Metropolis-Hastings algorithm has station-
ary distribution p(0|d) and, thus, the generated samples asymp-
totically follow the posterior distribution. The ratio 7; can be
simplified to:

max (L (BE?)Id) , c’l)
L(8¢-|d)

v = min| 1, (28)

This can be readily shown by distinguishing four different
cases:

Case (1): L(ngld) <c'and L(G(k_l)id) <c’!
L®d) = L9 (0ld) holds and, consequently, both
Eq. (27) and Eq. (28) become one.

trunc

Case (2): L(Ggmd) > ¢! and L(G(k,l)id) <c!
As in the previous case, Egs. (27) and (28) become one.

Case (3): L(0(p)|d) < ¢™' and L(0¢y)|d) > ¢!
Egs. (27) and (28) result in ¢! /L (6-1)|d).

Case (4): L(0)|d) > ¢ and L(8-1d) > ¢!
L) (8]d) = ¢! ans so both Eq. (27) and Eq. (28) trans-

late to min (1, L (GEZHd)/L (G(k,1)|d)).

Consequently, Egs. (27) and (28) are indeed equivalent.

The burn-in period of the Markov chain in Step (5) is very
short for reasonably large K, as the initial seed asymptotically
follows the stationary distribution of the chain. Note that the
likelihood function needs to be evaluated only in Step (2) of the
algorithm. If the evaluation of the model behind the likelihood
is computationally demanding, the main computational burden
of the algorithm is in Step (2). All other steps have a small
impact on the run-time in this case.

Algorithm (2): M-H rejection sampling
As input the algorithm requires:

— K, the total number of samples to draw from the posterior
distribution.

— ¢, where ¢! may be selected smaller than L.



The algorithm evaluates the evidence cg and returns K un-
weighted but dependent posterior samples Oy with k =
I,....K.

1. Initialize counters k = 1 and n = 0.
2. while (k < K) do:
(a) Propose sample [0, 7]:

i. Draw @ from the prior distribution p(8).

ii. Draw 7 from the uniform distribution that has
support [0, 1].

(b) if ((8,7) < 0) then:

i. Accept the proposed sample © as a posterior
sample of the truncated posterior distribution,
ie.
set GEZ; =0.

ii. Increase the counter k = k + 1.

(c) Increase the countern = n + 1.
3. Evaluate the evidence cg
(a) Estimate pg) by means of Eq. (7) or Eq. (10).
(b) Evaluate the quantity w'“, defined in Eq. (20).
(c) An estimate Cg g of cg is obtained through Eq. (15),
where ¢g© = pg) /c.
4. Pick sample 0j:
(a) Resampling step: draw index i randomly from the
list {1, ..., K} where the jth el(e)ment of the list is as-
) - ).

trunc\ © (j)

sociated with probability
(b) swap 0 with 0(;)
(©
(c) Set 9(1) = 9(1)
(d) Setk=2
5. while (k < K) do:
(a) Draw a sample u randomly from a uniform distribu-
tion with support [0, 1].
(b) Evaluate the accept/reject-ratio ry
Eq. (28);i.e.:

= mm[l, mae(oy d)w)]
L(G(H) |d)

(c) if (u < ry) then accept the candidate sample:
Set G(k) = 923
else; i.e., if (u > ry) then reject the candidate sample:
Set e(k) = G(k_l).

(d) Increase the counter k = k + 1.

defined in

The principle of Algorithm (2) is illustrated in Fig. 2. Con-
trary to rejection sampling, this algorithm does not produce K
independent samples. Instead, the K generated posterior sam-
ples are dependent, because of the acceptance/rejection step in
the Metropolis-Hastings algorithm (steps (5b) and (5c) in Al-
gorithm (2)). The smaller the corresponding acceptance rate,
the larger is the induced dependency. A particular advantage of
Algorithm (2) compared to Algorithm (1) is that Algorithm (2)
can be applied without knowing L,,,x. However, the selected ¢
still has a considerable influence on the efficiency of the algo-
rithm. General guidelines on how to select ¢ are given in [4]. A
potential strategy to select the value of ¢ in Algorithm (2) is to

max. likelihood

—prior p(0)
likelihood L(O|d)

uniform random variable 7/c

Figure 2: Illustration of the principle of the M-H rejection sampling algorithm
— Algorithm (2). Note that only the black samples are independent; the blue
samples introduce a dependency (at least one black sample has the same © as
a blue sample) that decreases the efficiency of the sampling algorithm. For
clarity, the ordinate of a sample 0 in Q is selected randomly between zero and
L(o|d).

perform an initial Monte Carlo simulation from the prior distri-
bution with a small number of samples, and to select ¢! equal
to the largest observed likelihood value. The initially generated
Monte Carlo samples can be re-used in Algorithm (2).

Note that the performance of the proposed post-processing
step does not depend on the dimension of ©. The actual loca-
tion of a generated sample O, is not used, only the associated
likelihood is considered.

4. Numerical investigations

In this section, the performance of Algorithm (2) is investi-
gated by means of three example problems.

4.1. Definitions

For the discussion of the example problems, the following
quantities are introduced:

— b acts as a normalized version of ¢~': Let b € (0, 1] be
defined as b = c¢Lyax; i€, b = 1 © ¢! = Ly and
b =0 & ¢! = 0. The performance of the investigated
algorithm is assessed for different values of b.

— b3, max Tepresents the largest observed likelihood multi-
plied with c in a set of 10* independent posterior samples.
Note that b3 max 1S a stochastic quantity.

— crref denotes the actual value of the evidence of the ex-
ample problem. The quantity pq s is defined as pqrer =
CE,ref/Lmax-

— Cgx 1s the evidence estimated by the investigated algo-
rithm based on K posterior samples. Moreover, 65;}( de-
notes the evidence estimated with Algorithm (1) and scal-
ing constant c.



— ak and sk denote the estimated mean and standard devi-

4.2.

ation of the first component of the parameter vector in a
set of K posterior samples. Note that ax and sk are ran-
dom variables for finite K. If the investigated algorithm
produces posterior samples, we have E[ax] = E[6;]|d] and
E[sx] = o[6,|d]. If the generated posterior samples are
independent, then o[ag] = \/LE - 0[6,|d]. For dependent
samples, o[ak] can be expressed as

1
olax) = 4/ % - ol611d]

where ¥ > 0 quantifies the dependency of the generated
samples.

(29)

Negr 1s the number of effectively independent samples in
the generated set of K posterior samples (of the first com-
ponent 6;). This quantity specifies how many truly inde-
pendent posterior samples of 8; would give the same vari-
ance in the sample mean as Var[ag] obtained by BUS.

2
Nt = (E [SK]) - K (30)

olaxl) 1+

Note that N can be interpreted as a measure for the de-
pendency of the generated posterior samples; for fixed K,
the smaller Ng the stronger the dependency.

ng is the total number of prior samples needed to generate
K posterior samples in Algorithm (2).

6, represents a posterior sample obtained with the investi-
gated algorithm.

Investigated example problems

Example problem Ia: A one dimensional problem with a
standard Gaussian prior. The uncertain parameter is de-
noted by 6. The likelihood for 6 is a Gaussian distribution
that has mean y; = 3 and standard deviation o; = 0.3.
This problem has an analytical solution: the posterior dis-
tribution is Gaussian with mean and standard deviation

of pu/ (o7 +1) = 275 and 1/,/1+ 07> = 0.287, re-

spectively. The maximum of the likelihood is Ly,x =
1/ (0'1 \/ﬂ) = 1.33. The evidence of the example prob-

lem is cpref = tp(ﬂl/ \/1 +o-lz)/\/1 +o07 =6.16- 107,
where ¢(+) is the PDF of the standard Gaussian distribu-

tion. Consequently, pq s Of the rejection sampling algo-
rithm is 4.63 - 1073, if ¢ = 1/Lppax.

Example problem 1b: The formulation of this problem
is equivalent to Example problem la, with the only dif-
ference being that the likelihood function for # has mean
M = 5 and standard deviation o; = 0.2. The posterior
mean and standard deviation are 4.81 and 0.196, respec-
tively. The evidence for this problem is cg rf = 2.36 - 107°.
Consequently, pq rer Of the rejection sampling algorithm is
1.18 - 1075, if ¢ = 1/Lpax and Ly, = 1.99.

— Example problem 2: A 12-dimensional problem with prior
Hil=21 ¢ (6;), where ¢(-) denotes the standard Gaussian PDF
and 6; is the ith component of the 12-dimensional param-
eter vector 0. The likelihood function of the problem is
T2 ¢(%24) /o, with o = 0.6 where the value g is
chosen such that the evidence cg s becomes 107%; ie.,
= 0.462. The posterior mean and standard deviation of
each component of © are 0.34 and 0.51, respectively. The
theoretical maximum _t{lzat the likelihood function can take
i$ Limay = (0.6 V27) = 7.47-107. Thus, pa e of the

rejection sampling algorithm is 1.34 - 107#, if ¢ = 1/Lyax.

— Example problem 3: A two-story frame structure repre-
sented as a two-degree-of-freedom shear building model
is investigated. This example problem was originally dis-
cussed in [32]. BUS is applied in [4, 13] to solve this
problem. The two stiffness coefficients k; (first story) and
ky (second story) of the model are considered uncertain.
The uncertainty in k; and k, is expressed as k; = 6; - ky
and ky = 6, - k,, where 6; and 6, are uncertain parame-
ters and k, = 29.7 - 10°N/m. The prior distributions of 6,
and 6, are modeled as independent log-Normal distribu-
tions with modes 1.3 and 0.8 and standard deviation 1.0.
The lumped story masses m; (first story) and m, (sec-
ond story) are considered deterministic and have masses
m; = 16.5 - 10°kg and my = 16.1 - 10°kg. The influence
of damping is neglected. Bayesian updating is performed
based on the measured first two eigen-frequencies of the
system: f; = 3.13Hz and f> = 9.83Hz. The likelihood of
the problem is expressed as L(0) = exp (—0.5 . J(G)/o'g),

Y ) 2
where o, = 1/16 and J(©) = Y2, /lj( 2 1) with
A1 = A2 = 1 and f;(0) as the jth eigen-ffequency pre-
dicted by the model. The posterior distribution of this
problem is bimodal [4, 32]. The reference evidence is:
CEref = Paref = 1.52- 1073 (since Ly, = 1). Moreover,
E[k|d] = 1.12 and o[k,|d] = 0.66.

The reference solutions of the presented example problems
are summarized in Table 1. In addition to the quantities cg ref,
Liax, Porers E[61]d] and o[6,]d], some statistics of quantity
b103 max are listed in the last four rows. The statistics for bygs max
can be computed explicitly for Example problems la, 1b and
2, and are evaluated by means of a large number of repeated
runs of the rejection sampling algorithm with K = 103 for
Example problems 3. 1t is obvious that Example problem 2
differs from the other problems with respect to the statistics
of byp3 max: For Example problem 2, E[by max] = 0.46 and
Pr [b103,max > 0.8] = 1-107*, whereas E[bip* max] = 1 and

Pr [b103,max > 0.8] = 1 for all other example problems. Con-
sequently, it is extremely unlikely that a b3 ., close to one
will be observed in Example problem 2 in a set of 10° posterior
samples.

4.2.1. Assessment of the performance for b < 1

We assess the performance of the introduced example prob-
lems for Algorithm (2) and different values of b € (0, 1]. The



Table 1: Reference solution of the investigated example problems.

Example problem 1a Example problem 1b Example problem 2 Example problem 3
CE ref 6.16-1073 2.36-107° 1.00- 1076 1.52-1073
Linax 1.33 1.99 7.47-1073 1.00
DPref 4.63-1073 1.18-10°° 1.34-1073 1.52-1073
E[6:] 275 4.81 0.34 1.12
ol6] 0.287 0.196 0.51 0.66
E[b103 max] 1 1 0.46 0.999
Pr [b1g3 max > 0.8] 1 1 1-107 1
Pr (B3 e < 0.99) 10737 1072 1 1-107*
Pr b3 max < 0.999] 5-10712 1-1071° 1 0.38
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bias in the estimate of the evidence can be observed. Addi-
tional to the mean, the 90% confidence interval of ¢ g3 /C ref
is shown. For b € [0.5, 1], the influence of b on the interval
can be considered negligible, independent of the example prob-
lem. The mean of 6;‘)1 0 /ce.ref computed with Algorithm (1) and

¢! < L. is also shown in Fig. 3. The results clearly show that

the estimate of the evidence 620)103 obtained with Algorithm (1)
| '

and ¢™' < Ly« underestimates the true evidence cg s of the
example problem.

Fig. 4 shows that the estimates of both the mean and the 90%
confidence interval of the posterior samples 8; obtained with
the M-H rejection sampling algorithm (Algorithm (2)) are unbi-
ased, independent of the choice of b. The same cannot be said
about Algorithm (1) and ¢! < Ly, In this case, the bias in
the mean and the deviation from the 90% confidence interval

22z 22z 22z g2z of the samples 6, generated with Algorithm (2) increases with
&g108 28103 &g 103 25105 decreasing b. This effect is more dominant in Example prob-
- ms Ia and 1b than in Exam, roblems 2 and 3.
Co.ref Co.ref Co.ref Co ref lems Ia and 1b tha xample problems 2 and

Figure 3: Statistics of the estimated evidence g ;53 divided by the reference
value of the evidence cg ret for different values of b = Ly - ¢. The thick black
line represents the average obtained with Algorithm (2) — as the average is 1.0
with good approximation, the estimate Cg ;3 can be considered unbiased. The
highlighted arca shows the 90% confidence interval of the estimated Cg ;3 /CE ref
computed with Algorithm (2). The dashed red line shows the average obtained
with Algorithm (1); the bias in the estimated evidence clearly increases for de-
creasing b. The underlying data was generated by solving the updating problem
repeatedly, generating K = 10% posterior samples in each run.

number of posterior samples generated per updating run is
K = 10°. The smallest value of b investigated in the studies
is 107*. The results are presented in Figs. (3)—(5). Fig. 3 shows
the statistics of the estimated evidence, Fig. 4 shows the statis-
tics of the generated posterior samples of 6, and Fig. 5 shows
the statistics of both E[n;y:] and o[a¢:]. The data used to plot
Figs. (3)—(5) was generated by solving the updating problem
repeatedly, generating K = 103 posterior samples in each run.
The number of times the problem was solved is 2 - 107, 400,
9-10% and 8- 10* for Example problems 1a, 1b, 2 and 3, respec-
tively.

The statistics of the estimated evidence ¢ 13 as a function
of b are presented in Fig. 3. Independent of the value of b, no

The samples produced by the standard rejection sampling are
independent, whereas the samples generated with Algorithm (2)
and b < 1 are dependent. The dependency of the samples in-
creases with decreasing b. This effect is illustrated in the right
part of Fig. 5. The effective number of independent posterior
samples N.g¢ decreases with b. Thus, the efficiency of Algo-
rithm (2) with respect to the generated posterior samples de-
creases with decreasing b. However, the computational cost to
generate 10° (dependent) posterior samples decreases also with
decreasing b — see left part of Fig. 5.

For b € [0.5, 1], the influence of b on the 90% confidence
interval of Cg 103 /cg et (Shown in Fig. 3) was found to be negli-
gible, independent of the example problem. However, this does
not imply that it is irrelevant whether the analysis is performed
with b = 1 or, for example, with b = 0.5. The reason is that
although the discussed confidence interval remains stable, the
computational cost decreases with b. The computational cost
is expressed in terms of the average number of prior samples
E[n,¢:] required to perform the analysis (see left part of Fig. 5).
For b € [0.5, 1] the value of E[n ] is — with good approxi-
mation — proportional to b. Thus, working with a reduced b is
computationally efficient.

The plots shown in Fig. 5 demonstrate that the relative size
of E[n;¢:] decreases faster than the relative size of Neg. Thus,
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Figure 4: Statistics of the estimated posterior samples 8; divided by the ref-
erence mean of #; for different values of b = Ly, - ¢. The thick black line
represents the average obtained with Algorithm (2) — as the average is 1.0 with
good approximation, the sample mean can be considered unbiased. The high-
lighted area shows the 90% confidence interval obtained with Algorithm (2).
The dashed red lines show the average and confidence intervals obtained with
Algorithm (1). The underlying data was generated by solving the updating prob-
lem repeatedly, generating K = 10° posterior samples in each run.

Algorithm (2) is more efficient for smaller b than for larger b.
In general, the results presented in this section demonstrate that
neither Algorithm (1) nor Algorithm (2) is a particularly favor-
able strategy. Instead, if a total number n of model calls that
one is willing to invest can be specified, it is better to generate
n samples from the prior distribution and regard the prior sam-
ples as weighted samples from the posterior distribution (i.e.,
b — 0). In this case, the sample weights are proportional to the
likelihood function, and the evidence can be estimated as the
sample mean of the likelihood function obtained with the sam-
ples from the prior distribution (see e.g., [33]). However, the
advantage of Algorithm (2) (and the BUS approach in general)
is that the rejection sampling step (step (2)) can be replaced by
any structural reliability method. A reliability method that is
particularly well suited for BUS is Subset Simulation, it can
handle problems with many uncertain parameters and can effi-
ciently estimate very small probabilities that may arise within
BUS (see e.g. [4]). Moreover, an estimate for the evidence cg
is obtained as a by-product of BUS.

5. Concluding remarks

Bayesian Updating with Structural reliability methods (BUS)
reinterprets the Bayesian updating problem as a structural re-
liability problem. The evidence of the inference problem is
obtained as a by-product of BUS. In this paper, we propose
a post-processing step for BUS that does not require the scal-
ing constant ¢ to be chosen such that ¢ - Lp,x < 1. By means
of the proposed post-processing step, an unbiased estimate for
the evidence as well as samples from the posterior distribution
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Figure 5: The average number of model calls (left side of plot, x-axis) and the
standard deviation of the estimate a;( (right side of plot, x-axis) are shown for
b € [0, 1] (y-axis of sub-plots) and Algorithm (2). The quantity b is plotted on
the y-axis of the sub-plots and ranges from zero to one. Horizontally, the figure
is split in two parts: (left-part) On the left-hand side of the figure the average
number E[n,3 ] of prior samples required to solve the problem is divided by the
average number of prior samples needed in standard rejection sampling; i.e., by
103/ pa. For b € [0, 1], this quantity is within [0, 1]; it measures how many
prior samples were needed to solve the problem compared to standard rejection
sampling. (right-part) On the right-hand side of the figure the effective number
of independent posterior samples (Neg) divided by the total number (10%) of
posterior samples is shown.

can be obtained even if the maximum of the likelihood func-
tion Lyx is not known. The performance of the proposed post-
processing step was demonstrated by means of different exam-
ple problems and rejection sampling. In practice, the proposed
post-processing step for BUS can be combined with any struc-
tural reliability method.
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